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Consecutive quantum measurements performed on the same system can reveal fundamental in-
sights into quantum theory’s causal structure, and probe different aspects of the quantum mea-
surement problem. According to the Copenhagen interpretation, measurements affect the quantum
system in such a way that the quantum superposition collapses after the measurement, erasing
any knowledge of the prior state. We show that a sequence of measurements in a collapse picture
is equivalent to a quantum Markov chain, and that considering the unitary evolution of quantum
wavefunctions interacting consecutively with more than two detectors reveals an experimentally
measurable difference between a collapse and unitary picture. The non-Markovian nature of se-
quential measurements that we report is consistent with earlier discoveries in optimal quantum
state discrimination.
Introduction.—The physics of consecutive (sequential)
measurements on the same quantum system has enjoyed
increased attention as of late, as it probes the causal
structure of quantum mechanics [1]. It is of interest to
researchers concerned about the apparent lack of time-
reversal invariance of Born’s rule [2, 3], as well as to those
developing a consistent formulation of covariant quantum
mechanics [4, 5], which does not allow for a time variable
to define the order of (possibly non-commuting) projec-
tions [6].
Consecutive measurements can be seen to challenge
our understanding of quantum theory in an altogether
different manner, however. According to standard the-
ory, a measurement causes the state of a quantum system
to “collapse”, re-preparing it as an eigenstate of the mea-
sured operator so that after multiple consecutive mea-
surements on the quantum system any information about
the initial preparation is erased. However, recent investi-
gations of sequential measurements on a single quantum
system with the purpose of optimal state discrimination
have already hinted that quantum information survives
the collapse [7, 8]. In this Letter, we ask if it is possible to
consistently assume that consecutive measurements form
a Markov chain [9, 10], that is, whether measurements
“wipe the slate clean”. While the suggestion that the
relative state description of quantum measurement [11]
(see also [12–15]) and the Copenhagen interpretation
are at odds and may lead to measurable differences has
been made before [12, 13], here we frame the problem of
consecutive measurements in the language of quantum
information theory. The formulation we present suggests
experimentally measurable differences between a collapse
and unitary picture, in the density matrices and von Neu-
mann entropies of the joint state of detectors. We will
argue that a collapse picture of quantum measurement
is therefore untenable for multiple consecutive measure-
ments.
We start by carefully constructing the initial state as
an arbitrary mixed quantum state ρQ. We can “purify”
ρQ by defining a pure state where Q is entangled with a
reference system R [16]
|QR〉 =
d∑
n=1
αn|rn〉|n〉R . (1)
Here, d is the dimension of the quantum state’s Hilbert
space, the αn are arbitrary complex coefficients, and the
states of R are denoted by |n〉R while those of Q are
labeled |rn〉. In what follows, we first assume that Q
is an “unprepared” or “unknown” state with maximum
entropy so that in (1) it is maximally entangled with R,
i.e., αn = 1/
√
d. With such an assumption, we do not
bias any subsequent measurements [17]. We later discuss
what happens in consecutive measurements on a known
(that is, prepared) quantum state.
Measurement of unprepared quantum states.—To mea-
sure Q with a detector (or ancilla) A [18] we rewrite
the quantum state in terms of the detector’s eigenstates
|i〉A, which automatically serve as the “interpretation ba-
sis” [13], using the unitary matrix Vni = 〈ai|rn〉 (let-
ters a, b, . . . with subscripts i, j, . . . indicate the basis Q
is written in, while i, j, . . . label the ancilla’s basis states).
We then entangle Q with A, in initial state |0〉A, using a
unitary entangling operation UˆE [15] .
|QRA〉 = UˆE |QR〉|0〉A = 1√
d
∑
ni
Vni|ai〉|n〉R|i〉A . (2)
We can rewrite the reference’s states in terms of the A
basis by defining |i〉R =
∑
n V
ᵀ
in|n〉R with the transpose
of V , so that the joint system QRA appears as (we omit
from now on the labels from the ancilla states)
|QRA〉 = 1√
d
∑
i
|ai〉|i〉R|i〉 . (3)
Tracing out the reference from the full density matrix
ρQRA = |QRA〉〈QRA|, we note that the detector is cor-
related with the quantum system [15] and each has max-
imum entropy SQ = SA = log d. The von Neumann en-
tropy is defined as SX = S(ρX) = −Tr(ρX log ρX) for a
density matrix ρX . We also note in passing that R can
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2be thought of as representing all previous measurements
of the quantum system that have occurred before A.
We now measure Q again, but in a rotated basis |ai〉 =∑
j Uij |bj〉, by entangling it with an ancilla B. Unitarity
implies that
∑
j |Uij |2=
∑
i |Uij |2=1. Then, with |j〉 the
basis states of ancilla B and |ij〉 = |i〉|j〉,
|QRAB〉 = 1√
d
∑
ij
Uij |bj〉|i〉R|ij〉 . (4)
It is easy to show that ρA = ρB = 1/d
∑
i |i〉〈i|, so that
both detectors have maximum entropy log d, while
ρAB =
1
d
∑
i
|i〉〈i| ⊗
∑
j
|Uij |2|j〉〈j| . (5)
Equation (5) immediately implies that if the quantum
system is measured repeatedly in the same basis (Uij =
δij) by independent detectors, all of those detectors will
be perfectly correlated (they reflect the same outcome),
creating the illusion of a wavefunction collapse [14, 15].
The preceding results are entirely consistent with the
standard formalism for orthogonal measurements [19,
20], where the conditional probability pj|i to observe out-
come j, given that the previous measurement yielded out-
come i, is
pj|i = |Uij |2 . (6)
Indeed, our findings thus far are fully consistent with a
picture in which a measurement collapses the quantum
state (or alternatively, where a measurement recalibrates
an observer’s “catalogue of expectations” [21–23]). To
see this, we write the joint density matrix of detector A
that records outcome i with probability 1/d and detector
B that measures the same quantum state at an angle
determined by the rotation U
ρcollAB =
1
d
∑
i
|i〉〈i| ⊗ ρiB , (7)
with ρiB defined using projection operators Pi = |i〉〈i|
ρiB =
TrA
(
PiρABP
†
i
)
TrAB
(
PiρABP
†
i
) = ∑
j
|Uij |2|j〉〈j| . (8)
Let us perform another measurement of the quantum
system using an ancilla C such that |bj〉 =
∑
k U
′
jk|ck〉.
We then find (here and before, indices i refer to A, j to
B, and now k to C)
|QRABC〉 = 1√
d
∑
ijk
UijU
′
jk|ck〉|i〉R|ijk〉 . (9)
Tracing out Q and R from the density matrix ρQRABC ,
as we do not observe either the quantum system nor ref-
erence, leads to the joint state of three detectors
ρABC =
1
d
∑
i
|i〉〈i|⊗
∑
jj′
UijU
∗
ij′ |j〉〈j′|⊗
∑
k
U ′jkU
′∗
j′k|k〉〈k|.
(10)
Tracing this expression over C recovers ρAB in Eq. (5) as
it should because the measurement C does not affect the
joint state of the past measurements A and B. Tracing
over B gives
ρAC =
1
d
∑
i
|i〉〈i| ⊗
∑
jk
|Uij |2 |U ′jk|2 |k〉〈k| , (11)
while tracing over A yields
ρBC =
1
d
∑
j
|j〉〈j| ⊗
∑
k
|U ′jk|2 |k〉〈k| . (12)
All three pairwise density matrices are diagonal in the
detector product basis (see Theorem 1 in the Supplemen-
tary Material [24]). We can take “diagonal in the de-
tector product basis” to be synonymous with “classical”.
At the same time, each detector has classical information
about the quantum system (Theorem 2 in Supplementary
Material [24]). Furthermore, all pairwise density matri-
ces discussed here, and their corresponding entropies, are
identical to those in a collapse picture.
However, the joint state of all three detectors when
assuming a collapse picture is incoherent
ρcollABC =
1
d
∑
i
|i〉〈i|⊗
∑
j
|Uij |2|j〉〈j|⊗
∑
k
|U ′jk|2|k〉〈k|, (13)
unlike expression (10) obtained in the unitary picture,
which is coherent due to the non-diagonality of theB sub-
system. The presence of these additional terms in (10)
has fundamental consequences for our understanding of
the measurement process. After all, the three measure-
ments were implemented as projective measurements,
which according to the traditional view “reduce” the
wavefunction of the system. Indeed, such an appar-
ent collapse has taken place after the second consecutive
measurement (5) as the corresponding density matrix has
no off-diagonal terms. However, the third measurement
seemingly undoes this projection, as can be seen from the
appearance of off-diagonal terms in (10). This “reversal”
is different from protocols that can “un-collapse” weak
measurements [25, 26], because it is clear that the wave-
function (9) underlying the density matrix is and remains
unprojected.
To determine if the reported survival of the quantum
superposition has measurable consequences, we calculate
the entropy of each pair of detectors and of the joint state
of all three detectors. Taking logarithms to base d, the
pairwise entropies follow directly from (5), (12), and (11):
SAB =1− 1
d
∑
ij
|Uij |2 log |Uij |2, (14)
SBC =1− 1
d
∑
jk
|U ′jk|2 log |U ′jk|2, (15)
SAC =1− 1
d
∑
ik
(∑
j
|Uij |2|U ′jk|2
)
log
(∑
j′
|Uij′ |2|U ′j′k|2
)
.
(16)
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FIG. 1. Entropy Venn diagram for the joint state of three
qudit detectors A, B, C that consecutively measure an un-
prepared quantum systemQ (entropies with logarithm to base
d). (a) A unitary description of quantum measurement where
the middle detector B is fully known given the past A and fu-
ture C (grey shaded area). (b) A collapse description, where
A and C are independent when given B (grey shaded area).
Furthermore, SAC is equal to SABC , the entropy of ρABC
(this holds for any three consecutive detectors, see Corol-
lary 1.1 in Supplementary Material [24]). From the def-
inition of conditional entropy [27] it follows that, given
the measurement A in the past and the measurement C
in the future, detector B’s state is fully determined (see
grey area in Fig. 1(a))
S(B|AC) = SABC − SAC = 0 . (17)
It can be shown quite generally that this quantity does
not vanish in a collapse picture (Corollary 1.1 in Supple-
mentary Material [24]).
We now briefly show that the measurement chain in
a collapse picture is Markovian, as defined in [9] (see
also [10] and references therein). From (13), the joint
entropy of all three detectors (using H to distinguish
collapse entropies from S, the entropies in the unitary
picture) is
HABC = 1− 1
d
∑
ij
|Uij |2log |Uij |2 − 1
d
∑
jk
|U ′jk|2log |U ′jk|2,
(18)
or, HABC = SA+H(B|A)+H(C|B). Using the chain rule
for entropies [15], HABC = SA+H(B|A)+H(C|BA), we
see immediately that H(C|BA) = H(C|B), the Markov
property for entropies [9, 10]. This further implies that
subsystems A and C are independent from the perspec-
tive of B, since the conditional mutual entropy [15] van-
ishes (see grey area in Fig. 1(b))
H(A : C|B) = H(C|B)−H(C|BA) = 0 . (19)
The equivalent quantity does not vanish in the unitary
formalism, reflecting the fundamentally non-Markovian
nature of the quantum chain of measurements (see The-
orem 3 in Supplementary Material [24] for a derivation
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FIG. 2. Entropy Venn diagram for the joint state of three
qubit detectors A, B, C. Detector B measures Q at an angle
θ = pi/4 relative to the basis of A, and C measures at θ′ =
pi/4 relative to the basis of B. Venn diagram based on (a)
unitary evolution of the wavefunction, and (b) according to
the collapse picture. (c) In both cases any two detectors Di
and Dj are uncorrelated when the third is traced out.
in an arbitrarily long chain). Figure 1 uses quantum en-
tropy Venn diagrams (see, e.g., [15]) to highlight these
key differences between the two pictures.
We can readily apply this formalism to the specific case
of qubits (d= 2). Measurements with detector B at an
angle θ relative to the previous measurement A, and C
at an angle θ′ to B, can each, without loss of generality,
be implemented with a rotation matrix of the form
U =
(
cos(θ) − sin(θ)
sin(θ) cos(θ)
)
.
For measurements at θ = θ′ = pi/4 for example, we have
|Uij |2 = |U ′ij |2 = 1/2, and we expect the outcome of each
measurement to be random, that is, SA = SB = SC = 1
bit. The joint entropy of each pair of detectors is two
bits, as can be read off of Eqs. (14-16). Because of the
non-diagonal nature of (10), the joint density matrix of
the three detectors (using σz, the third Pauli matrix, and
I, the identity of dimension 2)
ρABC =
1
8

I −σz 0 0
−σz I 0 0
0 0 I σz
0 0 σz I
 , (20)
has entropy SABC = 2 bits, as can be checked by find-
ing the eigenvalues of (20). The collapse density matrix
(13) on the other hand gives HABC = 3 bits, as can be
verified from (18). Figure 2 summarizes the entropic re-
lationships for qubits in the two pictures.
It is instructive to note that the Venn diagram in
Fig. 2(a) is the same as the one obtained for a one-time
binary cryptographic pad where two classical binary vari-
ables (the source and the key) are combined to a third
(the message) via a controlled-NOT operation [28] (the
density matrices underlying the Venn diagrams are very
different, however). Still, it implies that the state of any
one of the three detectors can be predicted from know-
ing the joint state of the two others, in clear violation of
4the collapse postulate that a measurement wipes clean
the history of the quantum state. However, the predic-
tion of C cannot be achieved using expectation values
from B’s and A’s states separately, as the diagonal of
(10) corresponds to a uniform probability distribution.
For the qubit case, the difference between the density
matrix ρABC and the collapse version can be ascertained
by revealing the off-diagonal terms via quantum state to-
mography (see, e.g., [29]), or by measuring just a single
moment [30] of the density matrix, such as Tr(ρ2ABC).
Measurement of prepared quantum states.—Suppose a
quantum system is prepared in the known state
ρQ =
d∑
j=1
pj |aj〉〈aj | , (21)
which we already wrote in the basis of ancilla A, as this
will be the first measurement. We can always prepare a
state like (21) by measuring an unknown quantum state
in a given, but arbitrary, basis. Then, a second measure-
ment at a relative angle θ gives rise to a projected state
for Q that is equivalent to the density matrix (8). If we
choose for the state preparation only the outcome i = 0,
for example, then pj = |U0j |2 provides the probability
distribution.
The purification of (21) in terms of A’s basis is
|QA〉 =
∑
i
√
pi|ai〉|i〉 , (22)
creating a correlated state with SQ=SA=−
∑
i pi log pi.
We now proceed as before. Introduce detector B with its
eigenbasis 〈bj |ai〉 = Uij (this U is not to be confused with
U in the definition of pj above). After entanglement,
|QAB〉 =
∑
ij
√
pi Uij |bj〉|ij〉 , (23)
giving rise to
ρAB =
∑
ii′
√
pipi′ |i〉〈i′| ⊗
∑
j
UijU
∗
i′j |j〉〈j| , (24)
ρB =
∑
ij
pi|Uij |2|j〉〈j| . (25)
The entropy of B is naturally SB = −
∑
j qj log qj , where
qj =
∑
i pi|Uij |2 is the marginal probability obtained
from the joint probability pij = pi pj|i. The conditional
probability pj|i of obtaining outcome j with B, given that
we had obtained outcome i with A, was defined in (6).
Introducing detector C, the joint density matrix for all
three detectors is (ρcollABC has no such off-diagonal terms)
ρABC =
∑
ii′
√
pipi′ |i〉〈i′| ⊗
∑
jj′
UijU
∗
i′j′ |j〉〈j′|
⊗
∑
k
U ′jkU
′∗
j′k|k〉〈k| .
(26)
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FIG. 3. Conditional entropies S(D|C) and S(C|B) in the
unitary picture and H(D|C) in the collapse picture, for three
consecutive measurements on the prepared state (21) as a
function of the state preparation p. Each detector is at an
angle pi/8 relative to the previous detector. For these angles,
H(D|C) = H(C|B).
From (26), detector C’s entropy is SC = −
∑
k q
′
k log q
′
k,
where q′k =
∑
ij pi |Uij |2 |U ′jk|2 is obtained from the joint
probability pijk = pi pj|i pk|j , and pk|j = |U ′jk|2.
We apply these results once more to qubits, with three
measurements B, C, and D of the quantum system af-
ter the preparation with A, each at an angle pi/8. In
Fig. 3, we show that in a unitary description all measure-
ments prior to C leave a trace: the conditional entropies
S(C|B) and S(D|C) retain a dependence on the prepa-
ration p. The collapse entropy H(D|C), on the contrary,
is independent of p. This formalism can also be used to
succinctly describe the quantum Zeno [19, 31] and anti-
Zeno [32–34] effects (see Supplementary Material [24]).
Conclusions.—Conventional wisdom in quantum me-
chanics dictates that the measurement process “col-
lapses” the state of a quantum system so that the prob-
ability a particular detector fires depends only on the
state preparation and the measurement chosen. Using
a quantum-information-theoretic approach, we have ar-
gued that a collapse picture makes predictions that differ
from those of the unitary (relative state) approach if mul-
tiple consecutive measurements are considered. Should
future experiments corroborate the manifestly unitary
formulation we have outlined, such results would further
support the notion of the reality of the quantum state [35]
and that the wavefunction is not merely a bookkeeping
device that summarizes an observer’s knowledge about
the system [22, 23]. We hope that moving discussions
about the nature of quantum reality from philosophy into
the empirical realm will ultimately lead to a more com-
plete (and satisfying) understanding of quantum physics.
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